Holomorphic Quillen determinant line bundles on integral compact Kahler
  manifolds by Dey, Rukmini & Mathai, Varghese
ar
X
iv
:1
20
2.
52
13
v3
  [
ma
th-
ph
]  
14
 N
ov
 20
12
HOLOMORPHIC QUILLEN DETERMINANT LINE BUNDLES
ON INTEGRAL COMPACT KA¨HLER MANIFOLDS
RUKMINI DEY AND VARGHESE MATHAI
Dedicated to the memory of Daniel G. Quillen
Abstract. We show that any compact Kahler manifold with integral Kahler form, parametrizes
a natural holomorphic family of Cauchy-Riemann operators on the Riemann sphere such that the
Quillen determinant line bundle of this family is isomorphic to a sufficiently high tensor power of
the holomorphic line bundle determined by the integral Kahler form. We also establish a symplectic
version of the result. We conjecture that an equivariant version of our result is true.
1. Introduction
In geometric quantization, given a type (1, 1) integral form ξ on a compact Ka¨hler manifold,
there is a holomorphic line bundle L on the manifold with connection and curvature equal to ξ.
For positive integral (1, 1) forms, we prove the following partial refinement.
Theorem 1. Any compact Ka¨hler manifold M with integral Ka¨hler form ω, parametrizes a natural
holomorphic family of Cauchy-Riemann operators {∂z : z ∈ M} on CP
1 such that the Quillen
determinant line bundle det(∂) ∼= L⊗k as holomorphic line bundles, where L is the holomorphic
line bundle determined by ω, for some sufficiently large k.
Here we recall that in the seminal paper [9], Quillen constructed a holomorphic line bundle L,
termed the determinant line bundle, associated to any holomorphic family of Cauchy-Riemann
operators over a compact Riemann surface. Quillen also constructed a hermitian metric on L, and
calculated its curvature. His construction is referred to in the statement of Theorem 1.
The strategy of the proof of Theorem 1 goes briefly as follows. We first establish the theorem
for complex projective spaces CPN for all integers N and for k = 1. This is achieved by viewing
CPN as the moduli space of N -vortices on CP 1. The position of each N -vortex z determines a
Cauchy-Riemann operator ∂z on CP
1, and the Quillen determinant line bundle, denoted det(∂), is
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isomorphic as a holomorphic line bundle to the hyperplane bundle O(1) on CPN , see §2. The next
step is to apply the Kodaira embedding theorem to establish the theorem in general, see §3. In §4,
we prove a symplectic analogue of our theorem, established using Gromov’s embedding theorem.
In §5, we conjecture that an equivariant version of our result is true.
Our use of the vortex moduli space seems to be novel: the moduli space is usually a subject
of investigations for its own sake, rather than a tool for applications. As an application of our
theorem, recall that one can relate the holomorphic sections of the hyperplane bundle O(1) on CP k
to coherent states in physics, cf. [11, 13]. Our use of the Kodaira embedding theorem shows that
the same is true for holomorphic sections of L⊗k for some sufficiently large k, and by our theorem,
the same is also true for det(∂), which is a topic that we plan to explore.
2. Moduli space of N-vortices on a sphere and determinant line bundle
2.1. Vortex equations. The vortex equations are as follows. Let Σ be a compact Riemann surface
(in our case the sphere) and let ω = 12h
2dz ∧ dz¯ be the purely imaginary volume form on it, (i.e. h
is real). Let A be a unitary connection on a principal U(1) bundle P i.e. A is a purely imaginary
valued one form i.e. A = A(1,0) +A(0,1) such that A(1,0) = −A(0,1). Let L be a complex line bundle
associated to P by the defining representation. We denote by the same A the unitary connection
on L. Let Ψ be a section of L, i.e. Ψ ∈ Γ(Σ, L) and Ψ¯ be a section of its dual, L¯. There is a
Hermitian metric H on L, i.e. the inner product < Ψ1,Ψ2 >H= Ψ1HΨ¯2 is a smooth function on
Σ. (Here H is real).
The pair (A,Ψ) will be said to satisfy the vortex equations if
(1) F (A) = 12(1− |Ψ|
2
H)ω,
(2) ∂¯AΨ = 0,
where F (A) is the curvature of the connection A and dA = ∂A + ∂¯A is the decomposition of the
covariant derivative operator into (1, 0) and (0, 1) pieces. Let S be the space of solutions to (1)
and (2). There is a gauge group G acting on the space of (A,Ψ) which leaves the equations
invariant. We take the group G to be abelian and locally it looks like Maps(Σ, U(1)). If g is an
U(1) gauge transformation then (A1,Ψ1) and (A2,Ψ2) are gauge equivalent if A2 = g
−1dg + A1
and Ψ2 = g
−1Ψ1. Taking the quotient by the gauge group of S gives the moduli space of solutions
to these equations and is denoted by M.∫
Σ
F (A) = 4πN where N is an integer called the vortex number.
There is a theorem by Taubes (cf.[14]) and Bradlow [2], which says that the moduli space
of vortices is parametrised by the zeroes of Ψ. Thus the moduli space is the symmetric prod-
uct, SymN (Σ). When the Riemann surface is CP 1, the moduli space is complex projective space,
SymN (CP 1) = CPN .
2.2. The metric and symplectic form. Let A be the space of all unitary connections on L and
Γ(Σ, L) be sections of L.
There is a natural norm on A and Γ(Σ, L), as follows:
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Let A = A0+α where α is a unitary one form on the Riemann surface and A0 is fixed. Then we
define ||A||2 =
∫
Σ ∗α ∧ α and ||Ψ||
2 =
∫
Σ |Ψ|
2
Hdµ. (The Hodge star acting on an imaginary valued
1 form is spelt out below).
In general, if τ is a k- form on a manifold Σ, the norm of τ is given by
∫
Σ ∗τ ∧ τ, ∗ being the
Hodge star.
With these norms we consider the Sobolev space H3(A) to be {A ∈ L
2(A) | ||A||2 + ||F (A)||2 <
∞, } (since d(F (A)) = 0 on a Riemann surface), where F (A) is defined, for the time being, in the
distributional sense. Let H3(Γ(Σ, L)) to be {Ψ ∈ L
2(Γ(Σ, L)) | ||Ψ||2 + ||∇Ψ||2 + ||∇2Ψ||2 < ∞}
where the covariant derivative ∇ is taken w.r.t a fixed connection, say A0, and is defined (for the
time being) in the distributional sense.
On a Riemann surface (A,Ψ) ∈ H3 implies (by Sobolev lemma ) that A and Ψ are actually C
1
( [5], page 86).
Recall that H3(Γ(Σ, L)) and H3(A) are Hilbert spaces, a fact that will be useful in Marsden-
Weinstein reduction.
Let C = H3(A) ×H3(Γ(Σ, L)) be the affine space on which equations (1) and (2) are imposed.
Then the tangent space at p = (A,Ψ) is TpC = H3(Ω
1(Σ, iR))×H3(Γ(Σ, L))
Once again, (α, β) in H3 implies they are actually C
1 on a Riemann surface.
Let p = (A,Ψ) ∈ C, X = (α1, β), Y = (α2, η) ∈ TpC i.e. αi = α
(0,1)
i + α
(1,0)
i such that
α
(0,1)
i = −α
(1,0)
i , i = 1, 2.
On C one can define a metric
G(X,Y ) =
∫
Σ
∗α1 ∧ α2 + i
∫
Σ
Re < β, η >H ω
and an almost complex structure I =
[
∗ 0
0 i
]
: TpC → TpC where ∗ : Ω
1 → Ω1 is the Hodge
star operator on Σ such that ∗α1,0 = −iα1,0 and ∗α0,1 = iα0,1 (i.e. it makes A0,1 the holomorphic
coordinate on A).
It is easy to check that G is positive definite. In fact, if α1 = α
(1,0) + α(0,1) = adz − a¯dz¯ = i(
·
A1
dx+
·
A2dy) is an imaginary valued 1-form, ∗α1 = −i(adz + a¯dz¯) and
G(X,X) =
∫
Σ
4|a|2dx ∧ dy +
∫
Σ
|β|2Hh
2dx ∧ dy
where ω = 12h
2dz ∧ dz¯ = −ih2dx ∧ dy.
We define
Ω(X,Y ) = −
1
2
∫
Σ
α1 ∧ α2 +
i
2
∫
Σ
Re < iβ, η >H ω
= −
1
2
∫
Σ
α1 ∧ α2 −
1
4
∫
Σ
(βHη¯ − β¯Hη)ω
such that G(IX,Y ) = 2Ω(X,Y ). It is closed, since it is constant. In fact, Ω is the real Ka¨hler form
on the affine space, [17] page 93. It is positive, since it comes from a positive definite metric.
Lemma 1. Ω is a symplectic form on the vortex moduli space.
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Proof. Let C′ = {(A,Ψ) ∈ C|∂¯AΨ = 0} be the submanifold of C defined by the second equation.
a) We first show that C′ is a symplectic submanifold with the same symplectic form. By linearizing
the equation ∂¯AΨ = 0 we get Ψα
0,1
1 = −∂¯Aβ so that if X = (α1, β) ∈ TpC
′ then α0,11 = −
∂¯Aβ
Ψ , when
Ψ 6= 0.
(Note that:
(i) ∂¯Aβ takes values in H3(Ω
0,1(Σ))⊗H3(Γ(L,Σ)) and hence
∂¯Aβ
Ψ is a (0, 1) form.
(ii) α1 is C
1 since it is in H3(Ω
1(Σ, iR)) and we are on a Riemann surface.
(iii) We show that Ψ (which is C1) is zero only on a set of measure zero. Suppose Ψ is zero on
a set of non-zero measure, say on an open set U . Then, since A0,1 = ∂¯logΨ and is not finite on U ,
||A||2 will not be finite, a contradiction.)
Suppose that,
Ω(X,Y ) = −
1
2
∫
Σ
α1 ∧ α2 −
1
4
∫
Σ
(βHη¯ − β¯Hη)ω = 0
for all Y = (α2, η) ∈ TPC
′.
Then, we show that X = (α1, β) ∈ TPC
′ is zero.
Recall that α0,11 = −
∂¯Aβ
Ψ , a.e. Take α2 = ∗α1 and η = iβ.
Note that this satisfies the linearized equation Ψα0,12 = −∂¯Aη and hence (α2, η) ∈ TPC
′.
From the expression of the symplectic form, we get
||α1||
2 + ||β||2 = 0.
Therefore, α1 = 0 a.e. and β = 0 a.e.
Since α1 and β are C
1, therefore, α1 and β are zero on the complement of a set of measure zero
implies that they are identically zero.
b) In this part we mostly follow [3] with slight modification.
Let ζ ∈ Ω(Σ, iR) be the Lie algebra of the gauge group (the gauge group element being g = eζ
); note that ζ is purely imaginary. It generates a vector field Xζ on C
′ as follows :
Xζ(A,Ψ) = (dζ,−ζΨ) ∈ TpC
′
where p = (A,Ψ) ∈ C′.
(Note that (dζ,−ζΨ) ∈ TpC
′ follows from the fact that ∂¯AΨ = 0 is invariant under the gauge
transformation and can be checked easily too).
We show next that Xζ is Hamiltonian. Let us define Hζ : C
′ → C as follows:
Hζ(A,Ψ) =
1
2 [
∫
Σ ζ · (F (A) −
1
2(1 − |Ψ|
2
H)ω] to be the Hamiltonian for the gauge group action.
Then for X = (α, η) ∈ TpC
′,
dHζ(X) =
1
2
∫
Σ
ζdα+
1
4
∫
M
ζ(ΨHη¯ + Ψ¯Hη)ω
= −
1
2
∫
Σ
(dζ) ∧ α−
1
4
∫
Σ
[(−ζΨ)Hη¯ − (−ζΨ)Hη]ω
= Ω(Xζ ,X),
where we use that ζ¯ = −ζ.
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Thus we can define the moment map µ : C′ → Ω2(Σ, iR) = G∗ ( the dual of the Lie algebra of
the gauge group) to be
µ(A,Ψ)
·
=
1
2
[F (A)−
1
2
(1− |Ψ|2H)ω].
Thus equation (1) is µ = 0 and the form descends as a symplectic form to µ−1(0)/G. This follows
from Marsden and Weinstein, [8], who proved the symplectic reduction even for infinite-dimensional
case. 
The moduli space of vortices, SymN (Σ) is a smooth Ka¨hler manifold with the Manton-Nasir
Ka¨hler form ωMN , (which is equivalent to our metric).
This metric is given by ( [7], eqn (2.14)).
This is the same as the descendent of our metric:
G(X,X) =
∫
Σ
4|a|2dx ∧ dy +
∫
Σ
|β|2Hh
2dx ∧ dy
=
∫
Σ
(
·
A1
·
A1 +
·
A2
·
A2)dx ∧ dy +
∫
Σ
|β|2Hh
2dx ∧ dy
The complex structure defined by us is exactly the usual complex structure of the vortex moduli
space i.e. on SymN (Σ). This can be proved using Ruback’s argument mentioned in the appendix
of [12], or in the mathscinet review of [7]. (Recall it takes α0,1 to iα0,1 and α1,0 to −iα1,0, and β
to iβ which is the case in Ruback’s argument).
Now we restrict our attention to the case when the Riemann surface is CP 1 of radius R. The
Manton-Nasir Ka¨hler form on the moduli space ofN vortices on CP 1 of radiusR is given by, [7], [10],
ωMN =
i
2
N∑
r,s=1
(
4R2δrs
(1 + |zr|2)2
+ 2
∂b¯s
∂zr
)
dzr ∧ dz¯s
This real 2-form is exactly the symplectic reduction of Ω on the affine space C of (A,Ψ) to the
vortex moduli space, when the number of vortices is N and the Riemann surface is CP 1 of radius
R. Thus Ω = ωMN . (This statement is true even for a compact Riemann surface of genus g > 0.)
We study this form on the moduli space of N vortices on the sphere of radius R. In the following
we refer to Romao, [10], where ωMN is denoted by ωsam. If
1
2piΩ is integral, then
1
2pi [Ω] = ℓ[ωFS],
for some ℓ ∈ Z since H2(CPN ,Z) is generated by [ωFS] (the cohomology class of the Fubini-Study
Ka¨hler form.)
By [10], we can fine tune the volume of the sphere such that ℓ = 1. Namely, we take R2 = 12 +N
and κ = 2k, k ∈ Z. This satisfies the constraints that κ and κ(R2 −N) is an integer.
Then [ 12piΩ] = [
1
2piωMN ] = [ωFS]. (One can also derive the formula
1
2pi [ωMN ] = 2(R
2 −N)[ωFS ]
from Manton and Nasir, [7] ((3.20), pg 600) ).
Note that the Bradlow criterion for existence of solution holds for this choice of R2, since area
of the sphere is greater than 4πN, [10] equation (18), [2].
2.3. Quillen Determinant Line bundle and the hyperplane bundle on CPN . We denote
the Quillen bundle P = det(∂¯A) which is well defined on C = A×Γ(L) (over every (A,Ψ) the fiber
is that of det(∂¯ + A0,1)). In [4], following Biswas and Raghavendra’s work on stable triples, [1],
we had given P a modified Quillen metric, namely, we multiply the Quillen metric e−ζ
′
A
(0) by the
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factor e−
i
4pi
∫
M
|Ψ|2
H
ω, where recall ζA(s) is the zeta-function corresponding to the Laplacian of the
∂¯ + A0,1 operator. Here we calculate the curvature for this modified metric on the affine space
since the details are not given in [4]. The factor e−ζ
′
A
(0) contributes
i
2π
(
−
1
2
∫
Σ
α1 ∧ α2
)
to the
curvature, and the factor e−
i
4pi
∫
M
|Ψ|2
H
ω contributes
i
2π
(
−
1
4
∫
Σ
(βHη¯ − β¯Hη)ω
)
to the curvature.
Lemma 2. The curvature Ωdet of P with the modified Quillen metric is indeed
i
2piΩ on the affine
space C. Ω is the real (1, 1) given above which is positive.
Proof. Quillen, [9], constructs the deteminant line bundle on the affine space A0,1.
We consider the space of unitary connections, i.e A0,1 = −A1,0. The complex structure on C
defined by
I =
[
∗ 0
0 i
]
: TpC → TpC makes (A
0,1,Ψ) the holomorphic variables on C. This is because
∗α0,1 = iα0,1.
Thus the holomorhic coordinate w in [9] corresponds to A0,1 in our notation.
By Quillen’s computation, the curvature two form is ∂¯∂log||σ||2 where log||σ||2 = −ζ ′A(0) where
ζA is the zeta-function corresponding to the Laplacian of ∂¯A.
We first note that ∂¯∂log||σ||2 = ∂∂¯[−log||σ||2] since the order of the derivatives is switched. The
Quillen curvature form is ∂¯∂log||σ||2 = ∂∂¯[−log||σ||2] = ∂∂¯ζ ′A(0). Now
∂2ζ ′A(0)
∂w∂w¯
dw ∧ dw¯ =
i
2π
∫
Σ
δA0,1 ∧ δA0,1,
that is,
(
∂2ζ ′(0)
∂w∂w¯
dw ∧ dw¯)(α0,11 , α
0,1
2 ) =
i
2π
∫
Σ
1
2
[α0,11 ∧ α
0,1
2 − α
0,1
2 ∧ α
0,1
1 ]
=
i
2π
∫
Σ
−1
2
[α1 ∧ α2]
where recall we have used the fact that α0,1i = −α
1,0
i This precisely corresponds to i/2π times the
first term in our Ka¨hler form.
Next, the term e−
i
4pi
∫
M
|Ψ|2
H
ω contributes to the curvature as:
−
i
4π
τ = −
i
4π
∫
Σ
< δΨ ∧ δΨ¯ >H ω
where − i4pi τ is a two-form on the affine space Γ(Σ, L). Details of this calculation can be found
in [4]. Here τ(β, η) = 12
∫
Σ(βHη¯ − η¯Hβ)ω.
Thus the contribution is
−
i
4π
τ(β, η) =
i
2π
[
−
1
4
∫
M
(βHη¯ − η¯Hβ)ω
]
,
which is precisely corresponds to i/2π times the second term in our Ka¨hler form. 
To define it on C/G, we repeat the argument in [3], [4] with B = 0.
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Lemma 3. P descends to a well defined line bundle (denoted by the same symbol) on C/G.
Proof. Let D = ∂¯ + A(0,1) and let Dg = g(∂¯ + A
(0,1))g−1 (the gauge transformed operator), then
the gauge transformed Laplacian of D, namely ∆g = g∆g
−1. Thus there is an isomorphism of
eigenspaces, namely, s→ gs.
Let Ka(∆) be the direct sum of eigenspaces of the operator ∆ of eigenvalues < a, over the open
subset Ua = {A(0,1)|a /∈ Spec∆} of the affine space C. The determinant line bundle is defined using
the exact sequence
0→ KerD → Ka(∆)→ D(Ka(∆))→ CokerD → 0
Thus one identifies
∧top(KerD)∗ ⊗ ∧top(CokerD)
with ∧top(Ka(∆))∗⊗∧top(D(Ka(∆))) (see [9], for more details) and there is an isomorphism of the
fibers as D → Dg. Therefore one can identify
∧top(Ka(∆))∗ ⊗ ∧top(D(Ka(∆))) ≡ ∧top(Ka(∆g))
∗ ⊗ ∧top(D(Ka(∆g))).
Let Uag = g · U
a where Uag is the open set formed out of gauge transformation of U
a, namely,
Uag = {Ag, |a /∈ Spec(g∆g
−1)}. But Ag ∈ U
a
g imples a /∈ Spec(∆) and thus Ag ∈ U
a. Hence
Ua ⊂ Uag . Similarly, U
a
g ⊂ U
a. Thus Ua = Uag .
On Ua one defines the equivalence class of the fiber
∧top(Ka(∆))∗ ⊗ ∧top(D(Ka(∆))) ≡ ∧top(Ka(∆g))
∗ ⊗ ∧top(D(Ka(∆g))).

When the form 12piΩ is integral, this construction holds for a compact Riemann surface of genus g.
Thus P descends to the quotient of the affine space C modulo the gauge group and further restricts
to a line bundle on the vortex moduli space. We consider this in the case when the Riemann surface
is CP 1 of radius R where R2 = 12 +N . We denote this line bundle again by P and its curvature by
Ωdet =
i
2piΩ such that Ω coincides with the usual K a¨hler form on the vortex moduli space, namely
ωMN , which is cohomologous to 2πωFS. The Chern class of P is
1
2pi [Ω] which is integral and Ω is
positive.
The first Chern class of P , namely 12pi [Ω], is equal to the first Chern-class of the hyperplane line
bundle on CPN , namely [ωFS].
Since the Picard variety of CPN is trivial, the hyperplane bundle is uniquely defined as a holo-
morphic line bundle by its first Chern class and so is the determinant bundle. Since the first Chern
classes agree, they are the equivalent as holomorphic line bundles.
Thus we have the following proposition (where we denote P = det(∂)).
Proposition 4. The determinant line bundle P = det(∂) of the family of Cauchy-Riemann opera-
tors on CP 1, as a line bundle on CPN is equivalent, as holomorphic line bundles, to the hyperplane
line bundle O(1) on CPN , if the radius R of CP 1 satisfies R2 = 12 +N .
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3. Kodaira embedding theorem and application
Here we recall the Kodaira embedding theorem (cf. [5, 16]) in a form that is suitable for our
application.
Theorem 2 (Kodaira embedding theorem). Let M be a compact Ka¨hler manifold with integral
Ka¨hler form ω. Let L → M be the line bundle with connection ∇ and curvature ω. Then there is
a positive integer k0 (which we will assume is minimal) such that for all k ≥ k0 the natural map
φk :M →֒ P(H
0(M,O(L⊗k))∗)
is a holomorphic embedding. In particular, one has the equality of cohomology classes [φ∗k(Ωk)] =
k[ω], where Ωk denotes the Ka¨hler form of the Fubini-Study metric on P(H
0(M,O(L⊗k))∗). In
fact, φ∗k(O(1))
∼= L⊗k as holomorphic line bundles on M , where O(1) is the hyperplane bundle
P(H0(M,O(L⊗k))∗).
Here H0(M,O(L⊗k)) denotes the finite dimensional vector space of all holomorphic sections of
the line bundle L⊗k, which has a natural L2-metric using the Ka¨hler structure on M , which in turn
induces the Fubini-Study Ka¨hler form Ωk on P(H
0(M,O(L⊗k))∗).
For instance, for a compact Riemann surface of genus greater than 2, the minimal choice of k0
is equal to 3.
Proof. Here we outline a few more details re the last half of the Kodaira embedding theorem above,
which may not appear in the standard versions of the theorem in reference books (cf. [5, 16]). The
vector space of all holomorphic sections H0(M,O(L⊗k) of L⊗k has an inner product induced by
the Ka¨hler volume form,
〈σ1, σ2〉 =
∫
M
h⊗k(σ1(x), σ2(x))
ωn
n!
where n = dimC(M) and h
⊗k is the induced hermitian inner product on L⊗k. This in turn
determines a Fubini-Study Ka¨hler form Ωk on P(H
0(M,O(L⊗k))∗), which is the first Chern class
of the hyperplane bundle O(1), satisfying [φ∗k(Ωk)] = k[ω] ∈ H
1,1(M)
⋂
H2(M ;Z). Therefore
φ∗k(O(1))
∼= L⊗k as holomorphic line bundles on M . 
Proof of Theorem 1. By Proposition 4, we know that Theorem 1 is true for complex projective
space CPN for all positive integers N . By the Kodaira embedding theorem, Theorem 2, and with
the N = dimH0(M,O(L⊗k0))− 1, Theorem 1 is true in the general case. 
4. Symplectic variant and application
The symplectic variant of the Kodaira embedding theorem is due to Gromov and we quote a
version in [15], Remark following Theorem B.
Theorem 3 (Gromov’s embedding theorem). Let M be a compact symplectic manifold with integral
symplectic form ω. Let L →M be the line bundle with connection ∇ and curvature ω. Then there is
a positive integer k0 (which we will assume is minimal) such that for all k ≥ k0 there is a symplectic
embedding
φk :M →֒ CP
k.
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In particular, φ∗k(Ωk) = ω, where Ωk denotes the symplectic form of the Fubini-Study metric on
CP k.
Our next result is the symplectic analogue of Theorem 1.
Theorem 4. Any compact symplectic manifold M with integral symplectic form ω, parametrizes
a natural smooth family of Cauchy-Riemann operators {∂z : z ∈ M} on CP
1 such that the deter-
minant line bundle det(∂) ∼= L as complex line bundles, where L is the prequantum line bundle
determined by ω.
Proof. By Proposition 4, we know that Theorem 4 is true for complex projective space CPN for all
positive integers N . By Gromov’s embedding theorem, Theorem 3, and with the minimal choice of
k0 as before, Theorem 1 is true in the general case. 
5. Conjecture
We conjecture that equivariant versions of our results are true. More precisely,
Conjecture. Let M be a compact Ka¨hler G-manifold M with integral Ka¨hler form ω, where G
is a compact Lie group. That is, ω is a G-invariant Ka¨hler form on the G-manifold M and
all structures are G-invariant. Let L denote the holomorphic G-line bundle determined by ω.
Then M parametrizes a natural holomorphic G-equivariant family of Cauchy-Riemann operators
{∂z : z ∈ M} on a compact Ka¨hler G-manifold Z such that the Quillen determinant line bundle
det(∂) ∼= L⊗k as holomorphic G-line bundles, for some sufficiently large k.
There is an analogous conjecture in the equivariant symplectic case. If the conjectures are valid,
then they would apply to coadjoint integral maximal orbits and thus to representation theory. It
would also be relevant to the popularly known principle, “quantization commutes with reduction”
of Guillemin and Sternberg, cf. [6]
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